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a b s t r a c t
In this paper, we investigate the existence of two self-orthogonal Latin squares of order
v (2-SOLS(v)). It is found that 2-SOLS(v) exist for all v ≥ 7 except possibly for v ∈
{10, 12, 14, 18, 21, 22, 24, 30, 34}. A number of sets of 2 incomplete SOLS (2 ISOLS) (and
hence also 4 incompletemutually orthogonal Latin squares, briefly 4 IMOLS) are also given.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
We start by giving definitions of SOLS, HSOLS and ISOLS. Let S be a finite set of size s and H = {S1, S2, . . . , Sn} be a
set of disjoint subsets of S. A holey Latin square having hole set H is an s × s array L, indexed by S, satisfying the following
properties:
(1) every cell of L either contains an element of S or is empty;
(2) every element of S occurs at most once in any row or column of L;
(3) the subarrays indexed by Si × Si are empty for 1 ≤ i ≤ n (these subarrays are referred to as holes);
(4) element z ∈ S occurs in row or column t if and only if (z, t) ∈ (S × S) \1≤i≤n(Si × Si).
The order of L is |S|. Two holey Latin squares on symbol set S and hole setH , say L1, L2, are said to be orthogonal if their
superposition yields every ordered pair in (S × S) \1≤i≤n(Si × Si).
We shall use the notation t IMOLS(s; s1, . . . , sn) to denote t holey Latin squares on symbol set S and hole set H =
{S1, S2, . . . , Sn}, such that every pair of them is orthogonal. More commonly, the notation t MOLS(s) is used when si = 0 for
all i, and the notation t IMOLS(s, s1), is used when si = 0 for all i ≠ 1. We also use the exponential notation t HMOLS(bn)
for the case s = bn and s1 = s2 = · · · ,= sn = b. For more information on MOLS and IMOLS, see [7,8].
A transversal design (TD) with parameters v, k and λ, denoted by TD(k, λ; v), is a triple (X,G,A) where X is a set of kv
points, G is a collection of size v subsets of X (called groups) which partition X , andA is a collection of subsets of X (called
blocks), each meeting each group in exactly one point, such that every pair of points from different groups occurs in exactly
λ blocks ofA. The parameter λ is usually omitted if it equals 1. It is well known that existence of a TD(k, v) is equivalent to
existence of k− 2 MOLS(v). Some examples of TDs with k ∈ {9, 10} and λ > 1 can be found in [6].
A transversal design TD(k, v) with a missing subdesign TD(k, u) is called an incomplete transversal design, denoted by
ITD(k, v; u). Such a design can exist even if the missing subdesign TD(k, u) does not.
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2t MOLS(s), 2t IMOLS(s, s1) or 2t HMOLS(bn) are called self-orthogonal if they are of the form A1, A2, . . . , At , B1, B2, . . . ,
Bt , where Ai = BTi for all i = 1, 2, . . . , t . The notations t SOLS(s), t ISOLS(s, s1) and t HSOLS(bn) are used for 2t MOLS(s),
2t IMOLS(s, s1) and 2t HMOLS(bn) satisfying the self-orthogonal property.
If, A1, A2, . . . , At are t SOLS(s), (respectively t ISOLS(s, s1), t HSOLS(bn)) and we can obtain an extra square S which is
both symmetric and orthogonal to each of A1, A2, . . . , At , then the 2t + 1 squares S, Ai, ATi (i = 1, 2, . . . , t) are called a
t-SOLSSOM(s) (respectively t-ISOLSSOM(s, s1), t-HSOLSSOM(bn)). Here t-SOLSSOM stands for t self-orthogonal Latin
squares with a symmetric orthogonal mate. When t = 1, the term SOLSSOM (rather than 1-SOLSSOM) is more commonly
used.
For existence of a SOLSSOM(v) and 2-SOLSSOM(v), the following results are known [5,2,11].
Theorem 1. If v is a positive integer, then a SOLSSOM(v) exists, except for v ∈ {2, 3, 6} and possibly for v ∈ {10, 14}.
Theorem 2. If v is a positive integer, then a 2-SOLSSOM(v) exists, except when v ∈ {2, 3, 4, 5, 6} and possibly when v is one of
the 178 values in the following table. These values are grouped into five residue classes: 2 (mod 8), 4 (mod 8), 6 (mod 8), 0 (mod 8),
and 1 (mod 2). These five classes contain respectively, 50, 59, 56, 3 and 10 possible exceptions.
10 18 26 34 42 58 66 74 82 90 98 114
122 130 138 146 154 170 178 186 194 202 210 226
234 242 250 258 266 274 282 290 298 306 314 322
338 346 354 370 378 402 410 418 426 434 458 482
570 594
12 20 28 36 44 52 60 68 76 84 100 108
116 124 132 140 156 164 172 180 188 196 212 220
228 236 244 252 268 276 284 292 300 308 324 332
340 348 364 388 396 412 420 436 444 452 460 476
492 500 508 516 532 548 588 628 660 684 700
14 22 30 38 46 54 62 70 86 94 102 110
118 126 142 150 166 174 182 198 206 214 222 230
238 246 254 262 270 278 286 294 310 318 326 334
358 366 382 390 398 406 422 430 438 446 454 462
494 502 518 534 558 614 622 630
24 40 48
15 21 33 35 39 51 65 87 123 135
In this paper, we examine the existence of 2 SOLS.When no SOM is required, considerable improvements can be obtained
on the result in the previous theorem. More specifically, we obtain the following theorem.
Theorem 3. If v is a positive integer, then 2 SOLS(v) exist, except for v ∈ {2, 3, 4, 5, 6} and possibly for v ∈ {10, 12, 14,
18, 21, 22, 24, 30, 34}.
2. Direct constructions
Our direct constructions for IMOLS, ISOLS are based on difference methods. They are mostly obtained by using the
following lemma.
Lemma 4. Let G be an additive abelian group of order g and let H be a set of size h which is either empty (if h = 0) or a subgroup
of G. Let X be any set of size u disjoint from G. Suppose there exists a set of k-tuplesB ⊆ (G ∪ X)k which satisfies the following
properties:
(i) for each i, 1 ≤ i ≤ k, and each x ∈ X, there is a unique B ∈ B with bi = x (bi denotes the i’th co-ordinate of B);
(ii) no B ∈ B has two co-ordinates in X, or two coordinates whose difference is an element of H;
(iii) for each i, j such that (1 ≤ i < j ≤ k), and for each d ∈ G \ H, there exists a unique B ∈ B with bi, bj ∈ G and bi − bj = d;
Then, for h ≥ 1, there exist k HMOLS(hg/hu1). If h = 1, then there exist k IMOLS(g + u, u). If in addition, k is even and
the following condition is satisfied:
(iv) (b1, b2, b3, . . . , bk/2, b1+k/2, b2+k/2, b3+k/2, . . . , bk) ∈ B if and only if (b1+k/2, b2+k/2, b3+k/2, . . . , bk, b1 + g, b2 + g, b3 +
g, . . . , bk/2 + g) ∈ B for some g ∈ G where g is either the identity or an element of order 2,
then there exist (k− 2)/2 HSOLS(hg/hu1), (or (k− 2)/2 ISOLS(g + u, u) if h = 1).
Proof. From the first three properties, we can obtain k HMOLS(hg/h|X |1) (or k IMOLS(g + h, h) if h = 0). By developing the
k-tuples in B over G, and using two of the coordinates as row and column indices of the squares, the k − 2 incomplete or
holey squares obtained from the other k− 2 coordinates are all orthogonal to each other. If the fourth condition is satisfied,
and we use the k/2th and kth coordinates as row and column indices, then for i = 1, 2, . . . , (k− 2)/2, the squares arising
from the ith and (i+ k/2)th coordinates are transposes of each other. 
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In the next three lemmas, we give some examples of IMOLS and HMOLS using Lemma 4. Those in Lemmas 5 and 6, have a
specific structure, usually producing 2 ISOLS or HSOLS. The examples given in Lemma7 have amoremiscellaneous structure.
Lemma 5. There exist 2 ISOLS(v, u) (and hence also 4 IMOLS(v, u)) in the following cases:
(i) u = 1 and v ∈ {26, 33, 35};
(ii) u = 2 and v ∈ {23, 25, 26, 28, 31, 32, 34, 37, 38, 40, 43, 44, 46, 49, 50, 52, 56};
(iii) u = 3 and v ∈ {21, 25, 27, 31, 33, 37, 39, 43, 45, 48, 49, 51, 54, 55};
(iv) u = 4 and v ∈ {30, 32, 36, 38, 42, 44, 48, 50, 51, 56};
(v) u = 5 and v ∈ {28, 29, 34, 37, 43, 47, 49, 52, 53};
(vi) u = 6 and v ∈ {42, 46, 48, 52, 54, 58};
(vii) u = 7 and v ∈ {39, 41, 45, 47, 48, 51, 53};
(viii) u = 8 and v ∈ {52};
(ix) u = 9 and v ∈ {48, 54, 60};
(x) u = 11 and v ∈ {62}.
Proof. For each of these examples, we apply Lemma 4, taking G = Zv−u and X = {x1, x2, . . . , xu}. In each case, some of
the required 6-tuples are given as columns of one or two matrices A1, A2. Most of the remaining 6-tuples or columns are
obtained by replacing each column (a, b, c, d, e, f )T of A1 by six columns. Setting t = 0, these six columns are as follows.
a b c d e f
b c a e f d
c a b f d e
d f e a+ t c + t b+ t
e d f b+ t a+ t c + t
f e d c + t b+ t a+ t.
A few more columns are generated by the columns of A2. Here, each column (a, b, c, d, e, f )T of A2 is replaced by only
the first three columns of the above array, or by just the first column if it consists entirely of zeros.
(v, u) = (26, 1) :
A1 =
0 0 0 0
19 4 13 20
4 13 10 9
6 21 11 16
7 14 22 16
14 19 5 x1
A2 =
0
24
22
0
24
22
(v, u) = (33, 1) :
A1 =
0 0 0 0 0
19 27 1 24 25
10 25 27 23 21
12 17 6 5 14
20 14 23 15 30
6 28 3 17 x1
A2 =
0 0
15 0
28 0
16 0
31 0
12 0
(v, u) = (35, 1) :
A1 =
0 0 0 0 0
13 2 6 3 32
0 26 18 7 20
2 11 25 4 29
21 7 2 14 12
16 22 28 13 x1
A2 =
0 0
9 5
27 33
17 0
26 5
10 33
(v, u) = (23, 2) :
A1 =
0 0 0 0
3 10 11 13
1 7 19 14
18 12 20 16
14 17 5 10
9 8 x1 x2
A2 =
0
0
0
0
0
0
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(v, u) = (25, 2) :
A1 =
0 0 0 0
0 6 17 18
9 2 10 20
6 7 20 13
14 4 21 12
1 15 x1 x2
A2 =
0
7
11
0
7
11
(v, u) = (26, 2) :
A1 =
0 0 0 0
13 5 18 19
22 2 1 12
21 10 22 17
3 18 14 13
7 9 x1 x2
A2 =
0 0
11 0
14 0
12 0
23 0
2 0
(v, u) = (28, 2) :
A1 =
0 0 0 0
25 15 13 18
0 20 4 16
24 17 16 1
7 5 18 12
4 9 x1 x2
A2 =
0 0
19 16
14 19
13 0
6 16
1 19
(v, u) = (31, 2) :
A1 =
0 0 0 0 0
3 14 2 28 23
3 20 12 24 2
24 23 26 14 11
10 1 13 3 22
5 2 6 x1 x2
A2 =
0
4
17
0
4
17
(v, u) = (32, 2) :
A1 =
0 0 0 0 0
8 7 10 13 14
2 26 9 24 29
5 16 4 17 3
22 25 16 12 23
19 28 8 x1 x2
A2 =
0 0
5 0
28 0
15 0
20 0
13 0
(v, u) = (34, 2) :
A1 =
0 0 0 0 0
3 21 5 2 1
0 16 13 9 23
10 13 24 17 29
2 12 22 27 3
14 27 4 x1 x2
A2 =
0 0
17 26
28 19
16 0
1 26
12 19
(v, u) = (37, 2) :
A1 =
0 0 0 0 0 0
17 2 10 8 7 6
0 6 8 5 22 9
6 32 1 26 17 28
27 20 21 16 6 4
32 4 20 12 x1 x2
A2 =
0
1
13
0
1
13
(v, u) = (38, 2) :
A1 =
0 0 0 0 0 0
7 2 27 26 12 33
12 33 13 7 8 27
4 9 22 24 13 7
14 28 21 13 27 11
32 3 1 11 x1 x2
A2 =
0 0
1 0
16 0
18 0
19 0
34 0
858 R.J.R. Abel, F.E. Bennett / Discrete Mathematics 312 (2012) 854–867
(v, u) = (40, 2) :
A1 =
0 0 0 0 0 0
31 17 19 10 24 35
0 11 9 25 8 36
2 23 8 17 28 32
18 8 33 13 1 2
22 28 32 11 x1 x2
A2 =
0 0
9 12
12 17
19 0
28 12
31 17
(v, u) = (43, 2) :
A1 =
0 0 0 0 0 0 0
8 14 5 32 38 10 12
0 35 14 17 37 21 10
4 29 27 34 17 11 22
6 7 30 27 5 24 9
23 22 26 9 40 x1 x2
A2 =
0
16
11
0
16
11
(v, u) = (44, 2) :
A1 =
0 0 0 0 0 0 0
21 5 3 16 14 24 31
23 31 41 24 20 19 35
10 3 6 26 2 8 38
38 13 36 1 34 20 5
32 12 23 41 5 x1 x2
A2 =
0 0
35 0
27 0
21 0
14 0
6 0
(v, u) = (46, 2) :
A1 =
0 0 0 0 0 0 0
33 3 21 38 20 17 19
0 7 5 18 42 3 35
2 27 20 34 8 40 12
38 33 34 39 26 28 2
36 4 35 3 25 x1 x2
A2 =
0 0
13 25
4 32
22 0
35 25
26 32
(v, u) = (49, 2) :
A1 =
0 0 0 0 0 0 0 0
6 20 12 7 42 26 18 38
0 2 37 34 32 14 1 46
16 26 39 4 28 15 35 25
18 40 31 32 45 19 4 9
42 37 36 8 9 6 x1 x2
A2 =
0
22
15
0
22
15
(v, u) = (50, 2) :
A1 =
0 0 0 0 0 0 0 0
35 2 18 34 40 31 47 9
40 5 34 35 36 38 37 24
1 20 26 37 18 15 43 38
23 13 5 31 9 47 21 36
29 43 41 20 38 44 x1 x2
A2 =
0 0
4 0
25 0
24 0
28 0
1 0
(v, u) = (52, 2) :
A1 =
0 0 0 0 0 0 0 0
0 20 40 34 24 10 39 37
9 33 44 20 6 3 8 35
30 29 42 37 32 44 27 22
6 43 37 22 39 17 23 1
5 1 39 10 20 22 x1 x2
A2 =
0 0
1 21
17 32
25 0
26 21
42 32
(v, u) = (56, 2) :
A1 =
0 0 0 0 0 0 0 0 0
18 24 4 42 12 38 6 8 33
5 29 24 33 22 18 7 19 35
40 17 18 41 42 19 50 34 21
34 3 21 38 15 8 13 17 11
41 25 49 10 28 23 52 x1 x2
A2 =
0 0
29 0
45 0
27 0
2 0
18 0
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(v, u) = (21, 3) :
A1 =
0 0 0
0 5 13
4 11 6
5 17 11
14 7 3
x1 x2 x3
A2 =
0 0
17 1
2 3
9 0
8 1
11 3
(v, u) = (25, 3) :
A1 =
0 0 0 0
2 10 12 18
7 18 15 2
17 15 10 9
4 14 21 10
1 x1 x2 x3
A2 =
0 0
14 0
5 0
11 0
3 0
16 0
(v, u) = (27, 3) :
A1 =
0 0 0 0
5 6 17 12
5 20 14 23
2 13 6 10
20 16 19 6
4 x1 x2 x3
A2 =
0 0
9 2
1 17
0 12
9 14
1 5
(v, u) = (31, 3) :
A1 =
0 0 0 0 0
14 19 12 26 3
6 24 19 22 18
7 17 4 27 22
4 16 6 10 23
17 9 x1 x2 x3
A2 =
0 0
17 0
12 0
14 0
3 0
26 0
(v, u) = (33, 3) :
A1 =
0 0 0 0 0
0 11 8 16 21
5 4 6 3 27
2 10 13 22 1
14 9 3 7 11
18 22 x1 x2 x3
A2 =
0 0
19 22
28 29
15 0
4 22
13 29
(v, u) = (37, 3) :
A1 =
0 0 0 0 0 0
2 1 18 30 19 10
6 10 29 11 18 8
1 9 2 27 24 12
22 4 10 6 21 19
15 21 22 x1 x2 x3
A2 =
0 0
3 0
28 0
17 0
20 0
11 0
(v, u) = (39, 3) :
A1 =
0 0 0 0 0 0
0 8 1 24 25 23
17 7 27 31 20 33
6 23 32 10 22 11
10 9 28 7 1 17
28 3 4 x1 x2 x3
A2 =
0 0
21 34
23 25
0 18
21 16
23 7
(v, u) = (43, 3) :
A1 =
0 0 0 0 0 0 0
11 6 2 16 22 24 33
26 9 15 2 30 3 10
2 21 1 8 17 36 27
36 2 33 17 24 14 22
37 22 5 21 x1 x2 x3
A2 =
0 0
23 0
12 0
20 0
3 0
32 0
860 R.J.R. Abel, F.E. Bennett / Discrete Mathematics 312 (2012) 854–867
(v, u) = (45, 3) :
A1 =
0 0 0 0 0 0 0
29 9 5 8 40 17 25
0 3 19 24 8 5 27
14 5 6 18 23 4 7
34 33 39 40 5 36 14
30 26 3 17 x1 x2 x3
A2 =
0 0
41 11
30 38
21 0
20 11
9 38
(v, u) = (48, 3) :
A1 =
0 0 0 0 0 0 0 0
0 21 4 22 26 43 35 10
39 30 1 4 38 17 28 44
16 4 35 20 17 19 42 2
18 15 19 12 25 6 22 35
38 33 5 17 4 x1 x2 x3
A2 =
0
40
9
0
40
9
(v, u) = (49, 3) :
A1 =
0 0 0 0 0 0 0 0
45 14 30 36 10 22 29 28
22 29 33 42 7 8 4 13
2 1 35 6 21 24 17 20
36 20 15 1 22 18 37 29
41 22 27 17 3 x1 x2 x3
A2 =
0 0
37 0
2 0
23 0
14 0
25 0
(v, u) = (51, 3) :
A1 =
0 0 0 0 0 0 0 0
21 4 28 16 6 3 34 24
0 47 36 25 11 23 18 38
32 1 30 21 19 9 38 12
34 19 1 17 18 40 16 27
25 9 43 10 31 x1 x2 x3
A2 =
0 0
33 22
31 19
24 0
9 22
7 19
(v, u) = (54, 3) :
A1 =
0 0 0 0 0 0 0 0 0
0 12 40 10 11 46 5 37 19
9 15 10 28 44 50 13 35 49
22 4 2 14 32 31 36 26 45
18 48 37 27 1 45 10 7 39
44 24 29 26 49 16 x1 x2 x3
A2 =
0
28
45
0
28
45
(v, u) = (55, 3) :
A1 =
0 0 0 0 0 0 0 0 0
38 20 8 2 48 6 14 22 43
25 41 12 5 6 36 47 39 26
42 29 6 37 34 31 44 1 48
34 11 29 46 19 8 7 32 28
41 1 13 18 16 33 x1 x2 x3
A2 =
0 0
41 0
1 0
26 0
15 0
27 0
(v, u) = (30, 4) :
A1 =
0 0 0 0 0
22 20 16 10 9
2 1 24 13 14
4 6 5 12 10
19 3 6 16 21
11 x1 x2 x3 x4
A2 =
0 0
17 0
5 0
13 0
4 0
18 0
(v, u) = (32, 4) :
A1 =
0 0 0 0 0
5 27 25 22 3
0 18 17 15 4
4 21 16 5 6
18 5 20 13 24
16 x1 x2 x3 x4
A2 =
0 0
7 2
22 11
14 0
21 2
8 11
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(v, u) = (36, 4) :
A1 =
0 0 0 0 0 0
12 4 6 24 9 20
2 9 22 17 5 6
4 10 7 31 11 30
21 29 28 12 14 9
29 28 x1 x2 x3 x4
A2 =
0 0
1 0
3 0
16 0
17 0
19 0
(v, u) = (38, 4) :
A1 =
0 0 0 0 0 0
3 16 25 11 27 2
0 14 6 1 11 28
2 28 1 5 14 4
11 4 31 27 26 25
19 9 x1 x2 x3 x4
A2 =
0 0
1 14
30 27
17 0
18 14
13 27
(v, u) = (42, 4) :
A1 =
0 0 0 0 0 0 0
1 3 2 13 9 23 16
11 1 10 31 21 27 7
2 23 31 17 22 12 13
21 7 28 23 16 36 8
35 27 5 x1 x2 x3 x4
A2 =
0 0
25 0
17 0
19 0
6 0
36 0
(v, u) = (44, 4) :
A1 =
0 0 0 0 0 0 0
7 1 20 13 31 29 38
0 35 24 1 15 3 4
2 39 33 27 34 25 16
17 25 28 19 24 6 33
39 27 15 x1 x2 x3 x4
A2 =
0 0
9 10
17 29
20 0
29 10
37 29
(v, u) = (48, 4) :
A1 =
0 0 0 0 0 0 0 0
30 12 32 18 40 36 39 34
24 23 40 17 18 37 9 27
16 21 30 8 12 41 35 26
18 27 1 41 37 6 20 29
37 11 17 28 x1 x2 x3 x4
A2 =
0 0
41 0
2 0
22 0
19 0
24 0
(v, u) = (50, 4) :
A1 =
0 0 0 0 0 0 0 0
0 16 24 10 2 40 41 36
12 19 28 17 40 31 27 15
24 21 34 26 14 1 37 8
8 3 21 15 13 44 17 9
31 45 29 28 x1 x2 x3 x4
A2 =
0 0
17 14
37 25
23 0
40 14
14 25
(v, u) = (51, 4) :
A1 =
0 0 0 0 0 0 0 0 0
34 8 14 9 32 1 28 16 33
2 10 43 26 12 8 23 27 4
16 2 27 13 44 6 5 24 40
28 1 33 44 27 25 45 15 37
38 27 22 10 21 x1 x2 x3 x4
A2 =
0
0
0
0
0
0
(v, u) = (56, 4) :
A1 =
0 0 0 0 0 0 0 0 0
21 4 32 38 7 8 40 41 16
0 39 8 25 18 22 6 47 15
41 9 42 45 21 36 46 1 20
34 11 33 13 31 51 44 49 37
29 37 17 42 2 x1 x2 x3 x4
A2 =
0 0
1 22
10 19
26 0
27 22
36 19
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(v, u) = (28, 5) :
A1 =
0 0 0 0 0
0 3 13 6 20
1 18 6 4 5
18 19 11 7 17
4 10 15 14 6
x1 x2 x3 x4 x5
A2 =
0
11
13
0
11
13
(v, u) = (29, 5) :
A1 =
0 0 0 0 0
11 6 16 21 1
10 16 11 9 19
14 5 2 6 17
18 7 22 13 20
x1 x2 x3 x4 x5
A2 =
0 0
17 0
2 0
12 0
5 0
14 0
(v, u) = (34, 5) :
A1 =
0 0 0 0 0 0
0 5 4 27 26 10
1 12 6 18 5 16
2 23 12 4 21 24
17 3 28 7 4 13
10 x1 x2 x3 x4 x5
A2 =
0
19
4
0
19
4
(v, u) = (37, 5) :
A1 =
0 0 0 0 0 0
1 19 2 16 24 26
0 4 10 22 17 21
2 11 24 5 9 31
20 14 28 25 23 6
29 x1 x2 x3 x4 x5
A2 =
0 0
29 30
20 11
16 0
13 30
4 11
(v, u) = (43, 5) :
A1 =
0 0 0 0 0 0 0
1 14 32 17 31 22 27
1 12 9 27 34 3 10
3 21 29 30 2 18 5
5 26 15 1 18 14 17
11 1 x1 x2 x3 x4 x5
A2 =
0 0
25 8
5 31
19 0
6 8
24 31
(v, u) = (47, 5) :
A1 =
0 0 0 0 0 0 0 0
7 1 2 33 31 39 40 38
20 27 18 1 19 15 10 17
8 13 41 35 12 19 32 20
25 33 4 27 16 6 35 13
31 41 13 x1 x2 x3 x4 x5
A2 =
0 0
11 0
5 0
21 0
32 0
26 0
(v, u) = (49, 5) :
A1 =
0 0 0 0 0 0 0 0
15 1 20 18 9 27 4 7
0 3 4 21 39 8 10 5
2 9 5 13 16 26 20 33
19 33 40 27 42 20 9 32
30 41 27 x1 x2 x3 x4 x5
A2 =
0 0
19 10
7 31
22 0
41 10
29 31
(v, u) = (52, 5) :
A1 =
0 0 0 0 0 0 0 0 0
18 8 12 11 38 3 24 40 32
0 2 45 17 4 20 5 13 1
16 9 35 15 18 11 37 43 25
17 16 25 38 10 21 12 15 29
42 21 4 6 x1 x2 x3 x4 x5
A2 =
0
14
11
0
14
11
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(v, u) = (53, 5) :
A1 =
0 0 0 0 0 0 0 0 0
13 4 12 30 22 29 31 28 21
24 31 32 1 30 16 8 34 9
34 2 16 19 10 43 11 41 31
30 3 6 16 33 41 26 43 17
25 8 13 9 x1 x2 x3 x4 x5
A2 =
0 0
33 0
22 0
24 0
9 0
46 0
(v, u) = (42, 6) :
A1 =
0 0 0 0 0 0 0
22 2 24 4 8 23 26
0 27 4 9 26 8 21
8 25 31 29 9 32 34
21 24 34 10 3 30 5
32 x1 x2 x3 x4 x5 x6
A2 =
0 0
1 20
7 3
18 0
19 20
25 3
(v, u) = (46, 6) :
A1 =
0 0 0 0 0 0 0 0
18 22 1 6 19 32 31 4
2 19 24 13 12 27 11 38
16 21 6 22 36 26 38 31
15 26 9 18 4 37 10 21
30 11 x1 x2 x3 x4 x5 x6
A2 =
0 0
9 0
26 0
20 0
29 0
6 0
(v, u) = (48, 6) :
A1 =
0 0 0 0 0 0 0 0
18 30 8 22 16 26 35 28
0 35 40 1 36 17 39 3
16 5 2 30 28 31 38 39
1 15 13 19 26 4 33 10
35 11 x1 x2 x3 x4 x5 x6
A2 =
0 0
1 14
30 23
21 0
22 14
9 23
(v, u) = (52, 6) :
A1 =
0 0 0 0 0 0 0 0 0
39 1 20 38 15 31 26 5 30
22 13 24 1 25 12 28 21 27
32 7 21 43 6 42 2 13 12
21 3 44 29 14 36 13 30 19
34 17 39 x1 x2 x3 x4 x5 x6
A2 =
0 0
3 0
9 0
23 0
26 0
32 0
(v, u) = (54, 6) :
A1 =
0 0 0 0 0 0 0 0 0
31 14 30 10 13 22 27 32 39
0 23 8 3 25 30 43 47 11
26 3 42 35 7 38 31 5 21
28 7 45 15 2 26 29 1 40
39 13 21 x1 x2 x3 x4 x5 x6
A2 =
0 0
7 34
1 19
24 0
31 34
25 19
(v, u) = (58, 6) :
A1 =
0 0 0 0 0 0 0 0 0 0
13 24 8 2 12 6 3 27 9 46
14 15 12 31 30 26 19 3 2 1
28 13 42 37 6 18 31 35 25 14
10 3 1 29 21 48 14 22 5 45
33 17 37 18 x1 x2 x3 x4 x5 x6
A2 =
0 0
17 0
42 0
26 0
43 0
16 0
(v, u) = (39, 7) :
A1 =
0 0 0 0 0 0 0
29 3 6 2 25 23 12
15 10 2 12 24 5 23
22 9 26 21 14 19 27
14 30 9 8 27 3 31
x1 x2 x3 x4 x5 x6 x7
A2 =
0 0
26 0
27 0
16 0
10 0
11 0
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(v, u) = (41, 7) :
A1 =
0 0 0 0 0 0 0
21 14 24 17 23 31 6
0 32 6 24 9 1 25
25 6 22 5 2 30 1
23 18 27 31 24 25 28
x1 x2 x3 x4 x5 x6 x7
A2 =
0 0
3 15
4 23
17 0
20 15
21 23
(v, u) = (45, 7) :
A1 =
0 0 0 0 0 0 0 0
31 11 13 6 25 33 21 14
19 9 16 8 34 30 22 31
3 10 22 36 31 17 18 26
23 20 11 21 5 7 14 25
17 x1 x2 x3 x4 x5 x6 x7
A2 =
0 0
15 0
33 0
19 0
34 0
14 0
(v, u) = (47, 7) :
A1 =
0 0 0 0 0 0 0 0
11 34 32 25 37 26 16 1
0 30 38 32 27 35 7 5
34 13 30 19 9 36 23 12
8 25 13 39 26 24 4 31
35 x1 x2 x3 x4 x5 x6 x7
A2 =
0 0
38 3
16 25
20 0
18 3
36 25
(v, u) = (48, 7) :
A1 =
0 0 0 0 0 0 0 0 0
15 14 20 12 5 32 29 38 36
1 23 2 31 11 7 13 8 17
26 2 10 29 7 24 3 37 40
28 5 27 9 20 18 7 3 25
36 1 x1 x2 x3 x4 x5 x6 x7
A2 =
0
0
0
0
0
0
(v, u) = (51, 7) :
A1 =
0 0 0 0 0 0 0 0 0
34 43 23 15 20 13 21 39 40
41 25 17 40 34 42 12 3 38
16 1 12 42 26 5 33 35 41
3 29 34 9 19 23 5 24 14
4 9 x1 x2 x3 x4 x5 x6 x7
A2 =
0 0
9 0
39 0
22 0
31 0
17 0
(v, u) = (53, 7) :
A1 =
0 0 0 0 0 0 0 0 0
17 22 36 38 33 26 7 41 8
0 23 34 11 37 22 1 32 28
43 37 40 39 27 34 36 8 35
22 39 5 25 32 18 3 11 10
37 21 x1 x2 x3 x4 x5 x6 x7
A2 =
0 0
39 34
3 19
23 0
16 34
26 19
(v, u) = (52, 8) :
A1 =
0 0 0 0 0 0 0 0 0
27 22 20 29 37 16 35 5 41
0 6 18 43 1 12 21 38 8
43 33 28 3 31 30 36 26 10
20 35 41 37 40 10 2 29 25
39 x1 x2 x3 x4 x5 x6 x7 x8
A2 =
0 0
39 12
13 19
22 0
17 12
35 19
(v, u) = (48, 9) :
A1 =
0 0 0 0 0 0 0 0 0
0 4 20 11 21 12 8 15 38
29 7 6 17 8 21 32 11 22
4 11 1 24 18 33 10 9 16
9 24 31 12 34 28 29 23 14
x1 x2 x3 x4 x5 x6 x7 x8 x9
A2 =
0
1
3
0
1
3
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(v, u) = (54, 9) :
A1 =
0 0 0 0 0 0 0 0 0 0
2 12 4 23 29 18 21 10 33 14
2 20 19 39 14 38 3 13 26 10
14 37 26 7 15 12 6 3 22 18
36 3 18 43 24 40 19 37 17 35
15 x1 x2 x3 x4 x5 x6 x7 x8 x9
A2 =
0
1
6
0
1
6
(v, u) = (60, 9) :
A1 =
0 0 0 0 0 0 0 0 0 0 0
41 50 24 13 35 29 18 45 34 2 27
41 32 4 28 42 35 11 30 21 34 47
21 2 26 29 46 48 44 15 12 6 33
9 24 18 15 43 39 1 10 37 7 38
7 27 x1 x2 x3 x4 x5 x6 x7 x8 x9
A2 =
0
28
39
0
28
39
(v, u) = (62, 11) :
A1 =
0 0 0 0 0 0 0 0 0 0 0 0
35 16 50 33 5 14 32 36 3 8 41 2
44 27 26 31 20 6 29 11 33 9 13 14
27 30 2 17 31 37 3 23 39 18 9 6
33 34 21 12 24 7 42 1 49 31 5 40
50 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11
A2 =
0
0
0
0
0
0 
Lemma 6. There exist 4 IMOLS(22, 2), as well as 2 HSOLS and 4 HMOLS of types 312 and 318.
Proof. For 4 IMOLS(22, 2), we use a method similar to the one in Lemma 5, but here, G is a non-cyclic group, Z2× Z10. Here,
we take t = (1, 0) in the 6× 6 array given at the start of the proof of Lemma 5. As before, each column of an array A1 (given
below) is replaced by the six columns of this array; no A2 array needed here.
A1 =
(0, 0) (0, 0) (0, 0) (0, 0)
(0, 8) (1, 2) (0, 9) (0, 1)
(1, 2) (1, 4) (0, 4) (1, 0)
(1, 0) (1, 8) (1, 2) (1, 1)
(0, 5) (1, 8) (0, 9) (0, 4)
(0, 9) (1, 5) x1 x2.
For 4 HMOLS of types 312, 318, we again use the method described in Lemma 5. Here G is a cyclic group, Z33 or Z51, and we
take t = 0 in the 6× 6 array given at the start of the proof of Lemma 5. In both cases, the required array, A1 is given below;
no array A2 is needed for these HMOLS.
312 : A1 =
0 0 0 0 0 0
17 14 15 28 16 29
3 32 21 26 10 20
19 5 1 23 24 25
7 15 6 32 23 17
15 2 8 x1 x2 x3
318 : A1 =
0 0 0 0 0 0 0 0 0
26 2 45 43 38 5 3 19 41
23 20 43 19 42 38 14 7 15
1 5 44 35 49 18 23 15 9
36 6 33 30 10 42 22 37 39
46 27 48 21 26 11 x1 x2 x3 
Lemma 7. There exist 3 IMOLS(24, 2), 3 HMOLS of type 36, and 5 HMOLS of type 228.
Proof. For each of these, we apply Lemma 4, and give the required k-tuples as columns. 3 IMOLS(24, 2) were
given in [9], but a few 5-tuples there were given incorrectly. The required 5-tuples are obtained by replacing each
column (a, b, c, d, e)T in the array C below by 5 columns: (a, b, c, d, e)T , (3e, 3a, 3b, 3c, 3d)T , (9d, 9e, 9a, 9b, 9c)T ,
(5c, 5d, 5e, 5a, 5b)T , (15b, 15c, 15d, 15e, 15a)T , and finally adding a column of zeros.
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C =
x1 x2 0 0 0
21 20 9 3 19
19 15 17 2 9
8 13 5 11 17
0 0 15 8 13
For 5 HMOLS of type 228, we apply Lemma 4 with G = Z54 and X = {x1, x2}. Four of the required 7-tuples are given as
columns in the array D below; we then obtain 56 7-tuples by cyclically permuting the seven rows of the array [D|−D]. Also,
replace x1 by x2 when multiplying the last column by−1.
D =
0 0 0 0
1 2 4 12
19 28 33 47
26 42 16 4
41 48 39 45
44 38 1 13
24 5 9 x1
For 3 HMOLS of type 36, let E be the array below. Here, the required 5-tuples over Z15 ∪ (X = {x1, x2, x3}) are obtained
by replacing each column (a, b, c, d, e)T of the array E below by three columns: (a, b, c, d, e)T , (c, a, b, d, e + 5)T and
(b, c, a, d, e + 10)T . If d or e is x1, then in the second of these three columns, we replace d or e + 5 by x2, and in the third
column, we replace d or e+ 10 by x3.
E =
0 0 0 0 0 0
1 6 14 8 9 13
4 8 11 x1 x2 x3
2 12 x1 11 8 7
3 x1 2 14 7 9 
In [7], a list of parameters (k, v, u) for which k-IMOLS(v, u) are unknown can be found for 4 ≤ k ≤ 6 and u ≤ 50. In
Lemma 5, several sets of 2 ISOLS(v, u) (and hence also 4 IMOLS(v, u)) were given; for most of these, 4 IMOLS(v, u) were
previously unknown. Also, 4 IMOLS(22, 2) are given in Lemma 6. Two recently discovered new cases, not mentioned in [7]
are 4 IMOLS(41, 4) and 4 IMOLS(53, 8), which can be found in [1]. The next lemma updates the results in [7] for existence
of 4 IMOLS(v, u)when 1 ≤ u ≤ 11.
Lemma 8. If 4 IMOLS(v, u) exist, then v ≥ 5u. If v ≥ 5u and 1 ≤ u ≤ 11, then 4 IMOLS(v, u) exist, except when u = 1,
v ∈ {6, 10}, and possibly for the pairs (v, u) in the following table.
u v
1 14, 18, 22
2 11, 12, 13, 14, 16, 18, 20, 21, 24, 27, 30, 36, 39, 42, 45, 48, 54, 78
3 17, 18, 20, 23, 26, 29, 32, 35, 38, 41, 44, 47, 50, 62, 77, 78
4 22, 24, 49, 55, 63, 78, 79, 80
5 33, 39, 42, 48, 57, 78, 79, 81
6 32, 34, 38, 44, 53, 80, 81, 82
7 52
8 42, 44, 45
9 47, 50, 53, 56
10 52, 54, 56, 57, 62, 68, 69, 76, 78
11 57, 58, 60, 61, 63, 64, 65, 69, 70, 72
3. Recursive constructions
A pairwise balanced design (or PBD) is a pair (X,A) such that X is a set of elements called points, andA is a set of subsets
(called blocks) of X , each of cardinality at least two, such that every pair of points is in a unique block ofA. Often PBDs are
called linear spaces. If v is a positive integer and K is a set of positive integers, each of which is greater than or equal to two,
then we say that (X,A) is a (v, K)-PBD if |X | = v, and |A| ∈ K for every A ∈ A. When K = {k}, we normally write k instead
of K . Also, we denote B(K) = {v : there exists a (v, K)-PBD}. A set K is said to be PBD-closed if B(K) = K .
In what follows, we shall let Q≥7 denote the set of all prime powers≥ 7 and let E = {10, 12, 14, 15, 18, 20, 21, 22, 24,
26, 28, 30, 33, 34, 35, 36, 38, 39, 40, 42, 44, 45, 46, 48, 51, 52, 54, 55, 60, 62}.
For some of our recursive constructions, we shall make use of the following lemmas.
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Lemma 9 ([12]). The set of all orders v for which t SOLS(v) exists is PBD-closed.
Lemma 10 ([3]). There exists a (v,Q≥7)-PBD for all v such that v ≥ 7, v ∉ E. No such PBD exists for any v ∈ E.
It is fairly well known that 2 SOLS(v) exist for all v ∈ Q≥7 (in fact, a 2-SOLSSOM exists for all such v [11]). In light of
Lemma 9, we therefore have the following theorem.
Theorem 11. There exist 2 SOLS(v) for all v ≥ 7, except possibly for v ∈ E.
We now have sufficient information to deal our main result, namely, existence of 2 SOLS(v) for general v. We prove the
following theorem.
Theorem 12. There exist 2SOLS(v) for all integers v ≥ 7, except possibly for v ∈ E2 = {10, 12, 14, 18, 21, 22, 24, 30, 34}.
Proof. In view of Theorem 11, we only have to deal with v ∈ E \E2. For each v ∈ {26, 33, 35, 39, 45, 48, 51, 52, 54, 60, 62},
2 ISOLS(v, u) were given in Lemma 5 for some u ∈ {1, 7, 8, 9, 11}. There we took u = 1 for v ∈ {26, 33, 35}, u = 7 for
v ∈ {39, 45, 51}, u = 8 for v = 52, u = 9 for v ∈ {48, 54, 60} and u = 11 for v = 62. In each case, fill in the size u hole
with 2 SOLS(u). For v = 28, 36, 40, 42, 46, 55, a perfect Mendelsohn design with block size 6 and index 1 (i.e. a (v, 6, 1)-
PMD) was given in [4]. Such a PMD gives a TD(6, v) with an automorphism α that cyclically permutes its six groups. Since
the automorphism α3 interchanges pairs of groups in this TD, existence of a (v, 6, 1)-PMD implies existence of 2 SOLS(v).
Finally, for v = 15, 20, 38, 44, a TD(6, v) with an order 2 automorphism, β that interchanges pairs of groups can be found
in [10] for v = 20, 38, 44, or in [1] for v = 15. When this occurs, we can use two groups G1 and β(G1) of the TD to define
row and column indices of the SOLS, while for any other group G the squares defined by groups G and β(G) are transposes
of each other. For v ∈ {45, 55}, we point out that a stronger result is available: a 2-SOLSSOM(v) exists [2]. 
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